ARAKELOV-PARSHIN RIGIDITY OF TOWERS OF CURVE 
FIBRATIONS, CONNECTIONS TO THE INFINITESIMAL 
TORELLI PROBLEM 

^ 1 ZSOLT PATAKFALVI 

O 

■ Abstract. The question of higher dimensional Arakelov-Parshin rigid- 
ity asks when it is impossible to deform families of canonically polarized 
manifolds without changing their base. It is one of the three main pieces 

\ in higher dimensional Shafarevich conjecture. By a different, already 

proven piece, for any class of families with fixed Hilbert polynomial, 
Arakelov-Parshin rigidity yields finiteness of the given class. 

■ In the present article rigidity of towers of smooth curve fibrations with 
! genera at least two is examined. In the compact base case, it turns out 

that, apart form an obvious exception, if any variation is zero, then some 
cover of the tower can be deformed. In the meanwhile if all variations 
are non-zero, then the tower is rigid. The arbitrary base case is much 
more obscure. In that case rigidity is proven for level two towers with 

■ maximal variations. The method used there is showing that the iterated 
\Q \ Kodaira-Spencer map is injective. In the end this method is related to the 

■ infinitesimal Torelli problem. It is shown that if the multiplication map 
| from canonical to bicanonical sections is surjective, then the injectivity 

■ of the iterated Kodaira-Spencer map implies the injectivity of the tangent 

map of the period map. 

1. Introduction 

^ , According to Grothendieck's functor of points point of view, a way to 

^ ; understand a space is to understand maps into it from all schemes. This 

is specially true, if no concrete description is available, only some proper- 
ties of a space are known. An example for that is the moduli stack M 5 of 
smooth curves of genus g, for g > 2. Over the complex numbers, the first 
interesting class of maps to M a are finite morphisms from curves. There is 
an intriguing classical result, one of the famous conjectures of Shafarevich 
about this class. To state it, fix an integer g > 2, a smooth (not necessarily 
projective) curve U, its compactification B and define A := B \ U. Call a 
smooth family isotrivial, if all its fibers are isomorphic. 

Theorem 1.1 Shafarevich Conjecture, HPar68H . HAra71L 

(1.1.1) Finiteness (F): There are finitely many non-isotrivial families 
of smooth projective curves of genus g over U. 

l 
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(1.1.2) Hyperbolicity (H): If2g(B) - 2 + #A < 0, then there are no 
such families. 

Evenmore, since it will play an important role later on, we state how 
finiteness was decomposed to two statements in the original proofs of Arakelov 
and Parshin. 

Theorem 1.2 Finiteness part of Shafarevich conjecture, HPar68H . HAra711l . 

(1.2.1) Boundedness (B): There are finitely many deformation types 
of non-isotrivial smooth families of curves of genus g over U. 

(1.2.2) Rigidity (R): Every non-isotrivial family of smooth curves of 
genus g over U is rigid. That is, its deformation type contains 
only one element. 

In the last two decades there has been an enormous progress in gener- 
alizing these, by now, classical statements to higher dimensions. In the 
generalizations, first M 9 is replaced by its higher dimensional generaliza- 
tion, the moduli space of canonically polarized manifolds M, h with fixed 
Hilbert polynomial h ( IIVie95ID . We note that the compactification of the 
latter moduli space is an exciting ongoing project (e.g., HHK10L HKollO . In 
the most general form of higher dimensional Shafarevich conjecture, after 
replacing M 9 by M^, usually arbitrary dimensional bases are allowed. The 
main subject of the present article is the generalizations of (R). However, 
we give a short account of the other generalizations too. First in Conjecture 
II .31 the expectations are summarized. Then we give a brief summary of the 
available results. 

To state Conjecture II .31 we generalize our earlier notations. From now, 
let U be manifold (i.e. smooth variety), B a smooth compactification of U 
such that A := B \ U is a global normal crossing divisor. Fix also a polyno- 
mial h. The variation Var / of a family / : X — > U of canonically polarized 
manifolds with Hilbert polynomial h is dim(imzy), where v : U — > is 
the moduli map. 

Conjecture 1.3 Higher dimensional version of Shafarevich conjecture. 

(1.3.1) (B): Families of canonically polarized manifolds over U with 
Hilbert polynomial hfall into finitely many deformation equiv- 
alence classes. 

(1.3.2) (R): No good comprehensive conjecture is known (See Ques- 
tion \1.5h However there is Viehweg's rigidity conjecture: If 

f : X — > U is a family of projective manifolds with Qx/u 
relatively ample, then f is rigid. 

(1.3.3) (H) : There are multiple conjectures concerning Hyperbolic- 
ity. Consider a family f : X — )■ U of canonically polarized 
manifolds. 
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(a) Viehweg's hyperbolicity conjecture: If 'Var / = dim B, 
then cu.b(A) is big (or with otherwords k(B, A) = dim B). 

(b) Kebekus-Kovdcs conjecture: 

(i) Ifn(B,A) < — oo and Var / < dimY. 

(ii) If k(B, A) > OandV&if < k(B, A). 

(cj Campana conjecture: If(B, A) ij special, then f is isotriv- 
ial (Special means that for every p and every line bundle 
Jzf C ft* (log A), fc(jSf) <pj. 

Remark 1 .4. Kebekus-Kovacs conjecture is a generalization of Viehweg's 
hyperbolicity conjecture, and reflects the conjectured birational coincidence 
of the moduli map U — > and of the fibrations given by the log minimal 
model of (B, A). 

The biggest success has been undoubtly (B). First some weak form of 
boundedness was proven in the dim B = 1 case (i.e. that f*Ux/B 1S bounded 
in terms of g(B), #A, h and m). This was done in HBVOOH and then gen- 
eralized to mildly singular fibers in HVZ01I and HKov02H . Then in HKL06II 
boundedness was shown for arbitrary base and fiber dimensions. 

By now (H) is also on a good track to be completed. However its story 
included lot more chapters. The first portion of results were about the 
dimB = 1 case. That case was proven first in [Mig95| for A = and 
dim F = 2 (where F is the general fiber of /). Then it was extended in 
HKov96l to arbitrary fiber dimensions. The A / 9 case was proven first 
for dimF = 2 ( HKov97ll ). Finally the general statement of (H) for one 
dimensional base was proven in HKovOOL 

For the arbitrary dim B case, Viehweg's hyperbolicity Conjecture holds 
when B is a projective space or a hyperquadric ( HVZ02H . HKov03blO . In 
HVZ02M it was also shown for semi-positive J^(log A), and various com- 
plete intersections in P n . Then in HKov03all it was proven for uniruled base 
with Picard number 1. The dim B = 2 case was entirely settled in HKK08al 
and dimB = 3 in HKKH . Evenmore in HKKH . the Kebekus-Kovacs conjec- 
ture was proven for bases of dimension at most three. The A = case has 
been also shown for arbitrary dimension of the base, assuming that minimal 
model program works [KK08b]. Campana's conjecture was established for 
dim B < 3 in llJKbTl and llJKal . 

In contrast to the spectacular results in (B), (H), there is little known 
about (R), although it was in the focus of the same researchers as the other 
two. The basic reason for that is that when we have higher dimensional 
fibers, then Var / = dim B is not enough assumption to obtain rigidity (see 
Example [231 ) . Loosely speaking some strong hyperbolicity or variational 
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assumption (or both) is needed to obtain rigid families. So, the higher di- 
mensional version of (R) is more of a question so far, and is as follows. For 
the precise definition of rigid families consult Definition 12. II 

Question 1 .5. Which families / : X — > B of canonically polarized man- 
ifolds are rigid? Evenmore we are really interested in rigid families /, all 
coverings /' of all quasi-finite pullbacks of which are still rigid. 



X 



quasi-finite 

X x F l' z x' 




/', family of canonically polarized manifolds 



quasi-finite 



<— manifold 



We call such families stably rigid. 

Remark 1.6. We added the note about stable rigidity, because it seems to 
capture the philosophy of the rigidity condition of Theorem [L2] (i.e. of the 
original Shafarevich conjecture). More precisely, the stably rigid families 
of smooth curves of genus at least two are exactly the non-isotrivial families 
by Proposition l2.3l We are expecting same stability properties for any good 
rigidity condition in higher dimensions. 

Whatever answer one gives for Question [T31 it yields (F) by (B). More 
precisely HKL061 Theorem 1.6] implies the following theorem. 

Theorem 1.7. If for a fixed manifold B and polynomial h, C is a class 
of rigid families of canonically polarized projective manifolds with Hilbert 
polynomial h, then 6 is finite. 

So, far there has been one answer to Question |1.5[ For a family / : X — >■ B 
of relative dimension n, in Definition [23] the iterated Kodaira-Spencer map 
iks/ : S n (^B) -> R n f*(/\ n ^x/B) is defined. Its definition is motivated by 
Hodge Theory, and in case n = 1 it specializes to the ordinary Kodaira- 
Spencer map. It is interesting for us, because its injectivity implies rigidity 
by ITVZ031 Corollary 8.4] or HKov051 Theorem 4.14]. 

Theorem 1.8. Iff : X — >■ B is a family of canonically polarized manifolds 
over a smooth (not necessarily projective) curve, such that iks/ is injective, 
then f is rigid. 

The problem with iterated Kodaira-Spencer map is that we have no geo- 
metric understanding of it unless n = 1 or if / is a family of hypersurfaces 
(see HVZ05I for the latter case). Being a notion motivated by Hodge The- 
ory, its understanding is equivalent to understanding certain aspects of the 
Torelli map of some Hodge structures. See Theorem 1 1.201 for some details 
on this. Unfortunately the Torelli map of canonically polarized manifolds 
is very hard to understand for higher dimensions. So, this connection might 
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indicate that there are easier ways to tackle Question 11.51 than computing 
the iterated Kodaira- Spencer map of a family. It also explains why the hy- 
persurface case is the only one which is understood, since Hodge structures 
of hypers urf aces have very good descriptions. 

l.A. Results of the paper 

As we have seen, there are no known answers to Question [T3] for higher di- 
mensional fibers, apart from the hypersurface case. In the present article we 
start filling in this gap. We analyze the rigidity of towers of curve fibrations. 
More precisely we consider the following situation. 

Notation 1.9. A tower of curve fibrations is a morphism / : X — > B 
fitting in a commutative diagram 



/ 




where all schemes are varieties and the generic fibers of all fa are one di- 
mensional and connected. In the present article we examine rigidity of tow- 
ers of curve fibrations where B is furthermore a smooth curve (not neces- 
sarily projective), and fa are families of smooth curves with genus at least 
two. 

Remark 1.10. Note, that, using Notation [L9l if all j { are families of 
smooth curves of genera at least two, then X^ is canonically polarized for 
all b E B by Proposition l3.ll 

Motivation 1.11. Considering towers of curve fibrations is motivated 
partially by the following fact, which states that all families can be approxi- 
mated in certain senses with towers of curve fibrations. Hence, we hope that 
in the long run, results about towers can be extended to general families. 

By HdJ97[ Corollary 5.10] every family g : Y — > Z can be altered to 
a tower of curve fibrations such that are semi-stable families of curves. 
This means that there is a commutative diagram 



generically finite, proper 

9 



generically finite, proper 



with / such a tower. This fact would be even more promissing if the answer 
to, the deliberately vaguely worded, Ouestion ll.l2l was yes. It would mean, 
that every non-rigid family could be altered to a non-rigid tower of curve 
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fibrations (using HHM061 Corollary 1.4]). Hence stably rigid families could 
be determined by examining towers of curve fibrations only. 

Question 1.12. If g : W ->■ ZxTisa deformation of the family 
9o '■ Wt — > Z x {t } of canonically polarized manifolds, is there then 
an alteration of the deformation g into a deformation of a tower of curve 
fibrations? 

Remark 1.13. Since Ouestion ll.l2l is only a motivation for the results of 
the paper, we do not try to answer it here. Certainly the answer is yes, if the 
conditions are relaxed enough (e.g., non-irreducible X t and non-irreducible 
fibers for fa are allowed). So, the question is more, with which conditions 
is the answer yes. 

Motivation 1.14. Another motivation to examine rigidity in the situation 
of Notation 1 1.91 is that if n = 2 and Var f t = i, a it gives a special case of 
Viehweg's rigidity conjecture (e.g., HSch86[ Theorem 2]). 

Now, we state the results of the paper. First for the case of compact B, we 
have an almost full characterization of stable rigidity. Unfortunately, there 
is one possibility, which obstructs giving a very short answer, which will be 
explained after the statement of the theorem. 

Theorem 1.15. In the situation of Notation U .91 if B is projective, then 

(1.15.1) if Var > 1 for all i then f is rigid and 

(1.15.2) otherwise there is a commutative diagram 



X 



B 



etale 



X' = W x Y 



r 



etale, finite 



B' 



where W — >■ B' is a family of canonically polarized manifolds, 
and Y is a positive dimensional canonically polarized mani- 
fold ( the map W x Y — >■ B' is the first projection composed 
with W —> B'). In particular, ifY is not a rigid manifold, then 
f is not rigid. 

Remark 1.16. The aforementioned possibility which obstructs a perfect 
characterization of stable rigidity is the case when Y is a rigid manifold. 
Unfortunately all we know about Y is that it is a tower of curve fibrations. 
However, that can still be rigid. In fact if one has a tower of curve fibra- 
tions which is rigid there is an immediate example of / for which not all 
Var fi > 1, but it is rigid. One just takes another tower W —> B where all 
variations are at least one, and then W x Y — > B is rigid by the computa- 
tions of Section HI 
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In the arbitrary base case, for two level towers with maximal variations 
we can prove the injectivity of the iterated Kodaira- Spencer map. 

Theorem 1.17. In the situation of Notation 17.91 if n = 2 and Var/j = i 
(i.e. variations are maximal), then iks/ is injective (see Definition \2.4\ for 
the definition of iks f). In particular, such families are rigid by Theorem U .8\ 

Remark 1.18. A smooth non-isotrivial morphism Y — > C is called a 
Kodaira fibration if both the fibers and the base are smooth projective curves 
of genera at least two. Consider a deformation W — > Z of a surface Y 
admitting a Kodaira fibration Y — >• C. Then, after an etale base change 
W — >■ Z becomes a family of Kodaira fibrations. That is, one can find an 
etale map Z' — >• Z such that there is a commutative diagram 




W x z Z' *S **Z', 

where all restrictions of the diagram over z G Z' give Kodaira fibrations. 
Hence Theorem 11.171 can be interpreted as a rigidity criteria for surfaces 
admitting Kodaira fibrations. Since it is not the focus of the article, we do 
not prove the statements of the remark here. 

An immediate corollary of Theorem 11.151 Theorem 11.171 and Theorem 
II .VI is a finiteness statement. 

Corollary 1.19. Fixing a smooth curve B and a polynomial h, there are 
finitely many 

• towers f : X — > B as in Notation 17.91 with Var f > 1, projec- 
tive B and Hilbert-polynomial h and 

• towers f : X — >■ B as in Notation 17.91 with Var f = i, n = 2 
and Hilbert-polynomial h. 

After obtaining our rigidity results we show a connection between the in- 
finitesimal Torelli problem and the injectivity of the Kodaira- Spencer map. 
See Section [6] for the notation and for a short overview on the infinitesimal 
Torelli problem. 

Theorem 1.20. In the situation of Notation U .9\ with n = 2, and Var f = i, 

such that for some b E B, S 2 (H°(Xb,ux b )) — > is surjective, 

the tangent map T(f)f of the period map is injective. That is, for generic 
b G B, the infinitesimal Torelli problem holds at in the direction defined 
byB. 

1 .B. Organization of the paper 

The following two sections are preparations for the follow-ups. In section[2l 
the introductory definitions and statements left out from Section [T} to avoid 
technicalities there, are collected. Section[3]is a short account on the results 
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used in the paper about the positivity of the relative canonical sheaves. Then 
in Section|4l Theorem QTT5] is proven. Along doing so, some facts about the 
moduli theory of families of canonically polarized manifolds is collected. 
Section [5] is entirely devoted to the proof of Theorem ll.l7[ Then in the end 
in Section© the link between the injectivity of the iterated Kodaira-Spencer 
map and the infinitesimal Torelli problem is presented. 

l.C. Notation 

We work over an algebraically closed field k of characteristic zero. How- 
ever, sometimes (e.g., Section© we have to assume that the base field is C. 
All schemes are of finite type over k unless otherwise stated. For a curve C, 
g(C) denotes its genus. A manifold is a smooth variety. A variety is an inte- 
gral, separated scheme of finite type over k. A global normal crossing divi- 
sor is defined Zariski locally by Y[ where are regular elements and rij 
are positive integers. A canonically polarized manifold is a projective man- 
ifold Z with ample uz- The Hilbert polynomial of a canonically polarized 
manifold Z is h(n) := x( u z)- The Kodaira and log Kodaira dimensions of 
a variety Z or a pair (Z, A) is denoted by k(Z) and k(Z, A), respectively. 
For a line bundle Jzf , its Iitaka- Kodaira dimension is denoted by k(JC). We 
say, the variation of a family g : Y — > Z is maximal if Var g = dim Z. A 
vector bundle $ on Y is ample over an open set U, if there is an ample line 
bundle Jzf and a homomorphism Jz? ® N — > S, which is surjection over U. <§ 
is ample if it is ample over X. We denote by M 9 and M/j the moduli stacks 
of smooth projective curves of genus g and canonically polarized manifolds 
of Hilbert-polynomial h, respectively. 



Here we collected some basic definitions and constructions mentioned in 
SectionCD which being slightly technical were omitted from there. We start 
with the precise definition of rigidity. 

Definition 2.1. A family X — > B of canonically polarized manifolds is 
rigid, if for every deformation of / 



2. Basic concepts 



X 



X' 



f 



f 



B 



Bx S 
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over a smooth curve S, to families of canonically polarized manifolds there 
is an isomorphism for all s G S 



X {X>) 



f 



B {s}. 

Next we show the promised example about why maximal variation does 
not imply rigidity for higher dimensional fibers. 

Example 2.2. Consider two non-isotrivial families / : S — > C and 
g : T — > D of smooth curves of genus at least two the bases of which 
are also curves of genera at least two. Such families exist (e.g., HBPVdV84[ 
Section V.14]). Consider fxg: SxT^CxD. It is a family of 
canonically polarized surfaces over C x D. Moreover, since by HHM061 
Corollary 1.4], from a fixed variety there are only finitely many dominant 
maps onto varieties of general type up to birational equivalence, the restric- 
tion of S xT ^ C x D to {c} xDorCx {d} is non-isotrivial for any c G C 
and d G D. So, fix any d G D. Then S x T ^ C x D is a non-trivial defor- 
mation of the non-isotrivial family S x Td — > C x {d} = C of canonically 
polarized manifolds. However, since dimC = 1 here non-isotrivial means 
having maximal variation. So, maximal variation does not imply rigidity in 
case of higher dimensional fibers. 

The next proposition was promised after the statement of Question 11.51 
and justifies the introduction of stable rigid families. 

Proposition 2.3. A family f : X — > B of smooth curves of genus at least 
two is stably rigid, if and only if it is non-isotrivial. 

Proof. From Theorem |1.2[ using that non-isotriviality is stable under pulling 
back and taking cover ( HHM061 Corollary 1.4]), follows the backwards di- 
rection. To see the forward direction, assume that / : X — y B is isotrivial. 
Then by Lemma I4T41 (with setting Y := X, T := B, S := Speck), it fol- 
lows, that there is a finite etale cover U — >• B, such that there is a diagram 

X x B U x F 



U U 

for some smooth curve F of genus at least two. Then by deforming F, we 
get a deformation of X x B U — >■ U . That is, / is not stably rigid. □ 

The rest of the section is devoted to the definition of the iterated Kodaira 
Spencer map. It is the main object of Sections [5] and [6] 
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Definition 2.4. If g : Y — > Z is a proper, smooth morphism of relative 
dimension n over a smooth base, then for 1 < p < n, by HHar77[ Exercise 
II.5.16] K P ST Y has a filtration = C #"f C • • • C C J? p p +1 = A p ^ y 
by locally free sheaves such that the induced quotients are 



+1 



Consider then the short exact sequences 

A p ^Y/z ^ g*&z ® A^^v/z . 

Tensor these with g* !J^ n ~ v to get the exact sequences 
(2.4.1) 

g*^ n ~ p ® A? STyiz g*Sr® n - v ® 



g*^ n - p+1 ® AP-K9y /z 0. 

Denote by p p the edge maps 

p p : S BT^itf-^/z) ^z in ~ P) ® «V(A p %x) 

obtained by applying higher pushforwards to (12.4.11) . Then the Kodaira- 
Spencer map 

ks 9 : ST Z -> R 1 g*$Y/z 
of (? is pi <g) id^-(n-i) and define the iterated Kodaira-Spencer map 

iks 5 : ^ iT<7*(A n ^ /z ) 
of g to be p n o • • • o p x . We also define the z-th iterated Kodaira-Spencer map 

iks* : ^ n ST™- 1 ® Rg^^Y/z) 

by Pi o ■ ■ ■ o p 1 

Remark 2.5. In the case when dim Z = 1, J^f = A P £? Y - 

Remark 2.6. There is another way to define iks 9 . It is the composition of 
the n times product of ks g and of the wedge product: 



The equivalence of the two definitions can be proven using Dolbeault coho- 
mology. 
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3. POSITIVITY PROPERTIES OF THE RELATIVE CANONICAL SHEAF 

In this section some positivity results are collected, some of which have 
already been used, and others will be used frequently later on. First, a 
statement about the relative canonical sheaves of a family of canonically 
polarized manifolds. 

Proposition 3.1. If f : X B is a family of canonically polarized mani- 
folds with B smooth, projective, then ujx/b is nef. 



Proof. It is known that f*u x /B is nef (e.g., HVie83[ Theorem 4.1]). Then 
since u x /b is relatively ample, there is some n > such that is rela- 
tively globally generated. That is, there is a surjection /7*( w x/b) ~ *" u x/b> 
which shows the nefness of ujx/b- D 



Next, another statement about the pushforwards of tensor powers of the 
relative canonical sheaf (e.g., HVZ021 Proposition 3.4]). 

Lemma 3.2. If f : X B is a family of canonically polarized mani- 
folds with B smooth, projective and Var / = dim B, then for any v > 1, 
f*(ou x , B ) ™ am Pl e with respect to the open subset U C B, where the moduli 
map B — > M/j is quasi-finite. 

Corollary 3.3. In the situation of Lemma 13.21 ux/b is ample with respect 

to r x u. 



Proof. Since ujx/b is relatively ample, oj x , b is relatively globally generated 
for n»0. Choose such an n. Then there is a surjection 



UX/B ® fU^X/B) -> UX/B ®U X ,B= U x f w 



which yields the statement of the lemma using Proposition 13.11 and that 
relatively ample nef line bundle tensored with the pullback of an ample 
vector bundle over U is ample over f~ l U. □ 



Corollary 3.4. Iff : X — > B is a family of canonically polarized manifolds 

with B smooth, projective and with relative dimension n, then k(ujx/b) = Var f+n. 
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Proof. Let v : B — > Mh be the moduli map. One can construct a commuta- 
tive diagram, all "vertical" squares of which are Cartesian 



X 



Y 




X 



quasi-finite, surject 



u h 



B 



surjective 




'/ 




D 



quasi-finite 



B 



where Uh is the universal family over M.h and D is a smooth, proper scheme 
HVie95[ Theorem 9.25]. Since all vertical maps are smooth, all relative 
canonical sheaves are compatible with pullbacks. By Corollary 13.31 ujy/d 
is big. Hence 

k(u X /b) = «(£Vx/b) = k(wx/b) = «(CW/r>) 

= k(u y /d) = dim Y = dim D + 1 = Var / + 1 = Var / + 1 

□ 



4. Compact bases 

In this section the compact base case (i.e. Theorem |1.15l ) is treated. Hav- 
ing a projective base allows us to use certain techniques not available in the 
general case. More precisely, the set of families of canonically polarized 
manifolds with fixed Hilbert polynomial form a nice moduli space if B is 
projective. This is worded by the following lemma. However, first some 
preparation is necessary. 

Fix a projective manifold B, and a polynomial h. One can define a mod- 
uli functor M,B,h of families of canonically polarized manifolds with Hilbert 
polynomial h by 



M B ,h(T) :={f:X^BxT 



f is a smooth morphism, cuf is f- 
ample, and x(w?U (M) ) = h(n) for 
every n G Z and (b,t) e B x T 



One can also give a natural category fibered in groupoid structure to this 
functor which we also denote by Mg^. Then the following lemma holds. 

Lemma 4.1. Mb,/! — Hom (-B, M/,.) a* categories fibered in groupoids, 
where Hom jB, M^) is the B.om-stack ^ HOls06b[ Lines 1-4] J. In particular 
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by HOls06bl Theorem 1.1], M,B,h is a Deligne-Mumford stack, locally of 
finite type. 

The next corollary is the reason why a locally of finite type DM stack 
structure on M,B,h is useful. 

Corollary 4.2. Iff : X — > B is a family of canonically polarized manifolds 
with Hilbert polynomial h over compact B, then f is rigid (according to 
Definition 12.71) if the infinitesimal deformation space T x (f, M^) of f is 
zero. 

The expression for T l (f, Mb^) can be found for example in HOls06a[ 
Theorem 1.1]. Then using that hx/B — &x/b in this case, one gets the 
following corollary. 

Corollary 4.3. A family f : X — > B of canonically polarized manifolds 
over a compact base is rigid ifH 1 (X, &x/b) — 0. 

Lemma 4.4. If f : Y — >• S x T is a family of curves of genus at least two 
with S and T projective manifolds, such that for some t G T, the restriction 
W := Y t — > S x {£} is non-isotrivial, then there is a finite etale cover 
U — > T from a variety, such that the following isomorphisms holds 

(AAA) Y x 5xT S x U = Y x T U x U 

S x U —Sx U 

Proof. First, notice that 

H\W, 3r w/s ) ^ H\W,uj w ) s ) = 0, 

by HEV921 Corollary 5.12.c] and Corollary [331 Hence, by Corollary 031 
W — > S is rigid. That is, for any t E T, Y\ Sx { t y = W as schemes over S. 

Let h be the Hilbert polynomial of W — > S. By Lemma HTTI we know that 
M,s,h is DM stack of finite type. In particular it has an etale (not necessarily 
finite) cover n : V — > M s ,h by a scheme. Hence 7r~ 1 ([W^ — > S]) is a 
zero dimensional scheme of finite type, which is then consequently proper. 
Moreover, all its subschemes are proper. The family Y — > S x T defines 
a map T — > Ms,h with zero dimensional image. Define U := T x Mgh V. 
Then U is a scheme, U — > V is proper, and U — > T is etale. By the second 
of these an the properness of all subschemes of 7r _1 ([M / — > S]), U is proper. 
Moreover, by the third one, U is the disjoint union of projective manifolds. 
Choose any of these, and define it to be U . Then U factorizes through 
a point of 7r~ 1 ([iy — > S]), which implies, that the associated family to 
U -> Ms,h is the trivial family W xU -> S xU. However, U -> M s ,h also 
factorizes through T — > Mg^, which gives us the isomorphism (14.4.11) □ 
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Lemma 4.5. If f : X — > B is a smooth map onto a smooth curve, then for 
the normal Stein-factorization 

f 




the following holds: B' is a smooth curve, g is smooth and h is etale. 

Proof. One obtains smoothness of B' by the equivalence of normality and 
smoothness in dimension one. For the rest of the statements, take any point 
P E X. Then there is a diagram of tangent maps 



T 



J-P 



T 



x,p 



T B',g(P) 



B,f(P) 



Since the two tangent spaces on the right are one dimensional and the com- 
position map is surjective, the only way to make the diagram commutative, 
if Th <g (p) is isomorphism and T 9t p is surjective. This proves everything 
stated in the proposition. □ 



Proof of Theorem \1.15\ First we prove, that if all Var > 1, then / is rigid. 
By Corollary @3J all we have to prove is that H X (X, £? x /b) = 0. Call g { the 
maps fi+\o- ■ -of n : X — > Xi. Then &x/b nas a filtration by the line bundles 
Qi&Xi/Xi+i- Hence it is enough to prove that H\X,g?&'x i /x i+1 ) = for 
all i. This follows from Proposition 13. 1[ Corollary 13.41 and the vanishing 
theorem HEV921 Corollary 5.12.c]. 

We prove the other direction (or other statement) by induction on n. For 
n = 1 it is true by Lemma l44l So, assume that n is arbitrary, and the 
statement is true for n — 1. Then there are two possibilities. /„ is either 
isotrivial or not. If it is isotrivial, then let F be its fiber. By applying first 
Lemma l4~4l one gets the upper Cartesian square of the above diagram, and 
then Lemma |431 gives the lower factorization X' n _ x — > B' — > B. 



X 



F x X' n _ x 



X 



n-1 



etale 



X 'n-1 



family of canonically polarized manifolds 



B 



etale, finite 



B' 



As it is indicated on the diagram, X' n _ x — > B' has canonically polarized 
fibers, since all its fibers are etale covers of fibers of X n _ x — > B. So, by 
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setting W := X^_ x and Y := F, the inductional step is proven if f n is 
isotrivial. 

If /„ is not isotrivial, then there must be some other i, for which /j is 
isotrivial. However, then using the inductional hypothesis, there is a dia- 
gram as follows. 



X 



n-l 



D 



etale 



X' n _ x := W n -i x Y r 



n-l 



etale, finite 



B" 



Here Y n -\ is a canonically polarized manifold, the map W n -i — y B" is 
a family of canonically polarized manifolds and W„_i x Y n _\ — y B" is 
the composition of the first projection with the map W n -\ — > B" . Define 
X' := X x y_ , X' n _^. Since X — y X n _\ is not isotrivial, same holds for 



X' — y X' n _ 1 . Then, there is either a w G W n -i or a y £ l^-i, such that 
X' X^_! is non-isotrivial over {w} x Y n -\ or W n _i x {y}. Assume first, 
that the first case is happening. Define then Y := X'\{ w y xY - By Lemma 
14.41 we obtain a Cartesian diagram as follows. 



X n - 



etale 



XL 



n-l 



W n -! X Y 



etale, finite 



W x Y 



WxY 7 



n-l 



Then by taking Stein factorization of W — y B" and using Lemma 14.51 
we get the following diagram, where the preceding construction is also 
included and which proves the inductional step if X' — y 
isotrivial over {to} x Y n _\. 



was non- 




etale 



■1 X Yn 



etale, finite 



etale, finite 



WxY 



w x r n _! 



B' 



We conclude the proof with the case when X' X! n _ x is non-isotrivial 



over W n -i x {y}. Then, define W := X'\ 



W n -ix{y}- 



Using Lemma \4~4\ 
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again yields the following diagram, where the left top square is Cartesian. 



X - X' - W x YU 

x n _ x - — x' n _ x = w n . x x y n _! — w n _! x y;_, 

B" 

Setting Y := Y^_ x and B' := B" yields the result in this case too. □ 

5. Arbitrary bases 

Here we treat the arbitrary base case. That is we allow B of Notation 1 1.91 
to be affine too. The entire section is devoted to the proof of Theorem ll.171 

First we try to convey an intuition of why considering non-compact bases 
are much harder then the compact ones. The basic problem is that an en- 
tire class of new deformations appear if B is not compact. Intuitively the 
following happens. Consider a deformation of the tower in Notation 1 1 .91 in 
the case of n = 2. Assume for simplicity that the deformation is such that 
the middle level deforms too. That is, we have a diagram of two Cartesian 
squares: 




where T is a (not necessarily projective) smooth curve. We also assume that 
/' is smooth. If B was projective, then the smoothness of f\ and f 2 and the 
open property of smoothness would imply that f[ and f 2 are smooth too. 
However, as soon as we pass from non-compact to affine base, neither f[ 
nor f 2 have any reason to be smooth. In fact, they are not smooth in general. 

Being in a more subtle situation means, that the proof in this case will 
be based on a different method. In fact, we prove rigidity using the iterated 
Kodaira-Spencer map (Definition 12.41) . as stated in Theorem ll.171 For the 
entire section we are in the situation of Notation |1.9l Since the statement of 
Theorem QTT7] is local, we assume that B is affine. To get rid of the indices, 
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we introduce Y :— X±, g :— f 2 , h := f\. Hence we are in the situation 




(5.0.1) 

Consider the following commutative diagram with exact rows. 
(5.0.2) 

STxlB ® 9*^Y/B ST X ® g*^Y/B f*^B ® 9*^Y/B , 



&X/B ® &X/B 



A 2 <% 



STx ® STxib 



X/B 



A 2 & 



A 



f*^B ® ^X/B 



where 



• the homomorphism ^ x /b ® ^x/b — > ^ 2 ^x/b is the wedge 
product map, 

• the homomorphism 27~x ® ^x/b — > A 2 S/'x is the embedding 
&x ® ^x/b — > &x ® &x composed with the wedge product 
&x <S> &x -»■ A 2 3~x and 

• the homomorphism A 2 S/'xjB — > ^x/b ® =^x/b is the splitting 
of the wedge product map, given by a A 6 H- \(a®b — b® a) 

Recall the homomorphisms pi from Definition [231 Our aim is to show that 
P2 ■ -R 1 /*(/*<% ® ^x/s) -> R 2 f*{/\ 2 ^x/B) is injective on the image of 
pi : &® 2 R l f*{f*& B ® &x/b)- Clearly, that will yield the injectivity of 

ks/ = P2 ° pi- 

Notation 5.1. Taking long exact sequences of derived pushforwards of 
the rows of (15.0.21 ) yields the following commutative diagram. We also 
introduce names for certain homomorphisms in the diagram. 

R 1 f*{g* ^y/b ® f*& B ) — R 2 f*(^x/B ® 9*^y/b) 



R 1 M&X/B®f*&B) 



R 1 f*(&X/B®f*&B) 



R 2 U^x/b®^x,b) 



7 e 



R 2 MA 2 ^x/b) 



Now we prove Theorem [03 In fact important parts are done in Propo- 
sitions [521 123] and [53J afterwards. 
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Proof of Theorem \1.17\ We use Notation l5.ll By Proposition ^ .2l and Propo- 
sition [5]4] both 5 and r q are generically injective. Hence, so is {3. Consider 
now the following commutative diagram. 



ks/=pi 



7 sj 



iksy 



Since /i has variation 1, the same holds for /. One reason is for example 
that a variety has only finitely many dominant general type images up to bi- 
rational equivalence (e.g., HHM061 Corollary 1.4]). Hence ks/ is injective. 
Then v := /3oks/ is generically injective and also injective, since for homo- 
morphisms from torsion free sheaves on varieties generic injectivity implies 
injectivity. By Proposition 15.51 im v C im e. Since e is a splitting of the 
surjection 7, this means, that 7 maps im v injectively. Hence iks/- := 7 o v 
is injective too. □ 

The rest of the section deals with the propositions referenced by the proof 
of Theorem 11.171 

Proposition 5.2. In the situation of 'Notation \5.1\ 5 is generically injective. 

Proof. Consider the following exact sequence. 

(5.2.1) ^x/y STxib g*^Y/B 



Since g has maximal variation, X& — > Yb is non-isotrivial for generic b E B. 
Hence for generic b G B, uj Xb /Y b is ample by Corollary 13.31 Then by Ko- 
daira vanishing R l [X h , S/'x/y) = 0. So, Rif*^x/Y is torsion. Hence, 
taking the long exact sequence of derived pushforwards of (15.2.11) yields 
that the natural map 

R 1 f*^x/B — > R l f*g*^Y/B 

is generically an injection. □ 

For the next proposition we need a lemma first. 

Lemma 5.3. IfS is an ample vector bundle over a projective smooth curve, 
£ : $ — > Jt? a generically surjective homomorphism onto a vector bundle, 
then ker £ (g) det J$? is an ample vector bundle. 
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Proof. Assume, there is a surjection <p : ker £ cg> det 34? — > ^# onto a line 
bundle. Then one can form the pushout diagram 

(5.3.1) >- ker £ <g> det JT <f <g> det 3T <g> det 

o >■ ^# ® det 

o, 

where & := & ® det 34?/^ ^ Since S is ample, so is <g> (det 3^)~ x . 
That is, 

deg & > (rk J?) deg(det JT) = (rk + 1) deg(det JT) 

= det(JT <g> det 34?). 

This implies, by the bottom exact row of (15.3.11 ) that deg^ > (no- 
tice, that by construction the right most edge in that row is generically 
surjective). Hence all line bundle quotients of ker£ Cg> det 34? have posi- 
tive degree. If r is a finite map of smooth curves, then the same holds for 
r*(ker£<g>det 34?), since it is isomorphic to (ker(r*^ -> t*3T))^t* det 3i? 
and t*<§ is ample too. This shows that ker £ <g) det 3f is indeed ample. □ 

Proposition 5.4. In the situation ofNotation \5.1\ r] is generically injective. 

Proof. To prove the generic injectivity of rj we would need that 

R 1 M&x®g*&Y/B) 

is torsion. First, we show that 

(5.4.1) g*{& x <g> g*3? Y/B ) * g*& x <g> £T Y/B = 0. 

Consider the following exact sequence. 

STxiy — - sr x g*^ Y 

Then by the pushfoward long exact sequence we obtain 

— - g*^x/Y ® $y/b = — - g*^x ® &Y/B 

9r ® STyib R l g*^x/Y ®&t/b, 

where the last map is ks g tensored with 3?y/b- Since g has maximal varia- 
tion, this map is injective, which proves (15.4.11) . 

So, by the Grothendieck spectral sequence it is enough to show that 

KR l g^ x ®g*Zr Y/B ) 
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is torsion. By relative duality the following isomorphisms hold. 

K&g^&x ® 9*^y/b) = K((g*(u x/Y <8> fix ® g*u Y / B )Y) 

= h*((g*(uj x/B ®tt x ))*) 

So it is enough to show, that h°(Y b , (g*(co x /B <8> &x))*) — for generic 
b E 5. In general g*(u x / B <S> fix) is not a vector bundle, however being the 
pushforward of a torsion free sheaf it is torsion free at least. Hence, since 
Y is smooth and dim Y = 2, it is a vector bundle except at finitely many 
points. By leaving out the images of those points from B, we may assume, 
that g*(uj x /B ® fix) is in fact locally free. 
Consider the following short exact sequence. 

*- ojx/b ® g*tt Y oj x/b <g) fi x ^ tu x/B <g> wx/y >~ 

By pushing it forward one obtains 

»- g*u x/Y ® Wy/B ® fiy »■ g*(uJ x/B g> fix) 



^ ® ^y/B ^ R 1 g*u x/B ® fiy = wy/s <S> fiy, 

where the last homomorphism is the dual of ks g tensored with to Y / B . Again, 
imks 9 is not necessarily locally free, but being a subsheaf of a torsion free 
sheaf, it is torsion free. Hence as before, we may assume that it is in fact 
locally free. Then we see, that g*(ui x / B ®£l x ) is the extension of two locally 
free sheaves: g*uo x / Y ® ^y/b <E> fiy and ker ks g . We conclude our proof, by 
showing that 

(5.4.2) h°(Y b , (g*u x/Y ® u Y/B <g> fiy)*) = 
and 

(5.4.3) /i°(Y 6 ,(kerks fl )*) = 
for generic b E B. 

For the first one, since fiy is the extension of two nef line bundles by 
Proposition 13 . 11 it is also nef. The pushforward g if u x / Y is nef too (e.g., 
HVie83l Theorem 4.1]) and u Y / B is /i-ample. Hence g*u x / Y <g> ui Y / B ® fiy 
is ample on Y& for each b E B. This implies (15.4.21) for every b E B. 

To show (15.4.31) . notice that ks g is generically surjective by the assump- 
tion Var g = 2. By possibly restricting B we may assume that ks g is gener- 
ically surjective on each Notice, that h°(X y , ojf?) is a constant function 
of y. Hence by HHar77l Corollary III. 12.9], g*(cu x 2 /Y ) is locally free. Fix 



ARAKELOV-PARSHIN RIGIDITY OF TOWERS OF CURVE FIBRATIONS 21 

some b E B. If we restrict ks g to Y b , using that im ks 9 , ker ks g and /* (w|y y ) 
are locally free, we obtain the exact sequence 

(ker ks g ) \ Yb * 9*(^x/y) ® »- ® w n , 

where the last map is generically surjective. Then, since det(f2y \ Yb ) — ujy b , 
by Lemma [531 (ker ks 9 ) | y b is ample. Then (15.4.31 ) follows, since by ker ks 9 
being locally free, (ker ks g )*\ Yb = ((ker ks 9 )| y J*. □ 

Proposition 5.5. The image of the composition 



, *r B Rif,(& x/B ) . R 2 U{^ X/B ® STxib) 

is contained in im e (see Notation \5. 1 1 for the definition ofe). 

Proof. Since is a line bundle and B is affine, by possibly restricting B 
we may assume that ^ B = & B . This yields a generator t of S^b- We have 
to show that u(t <g) t) C im e. 

Since we assumed that B is affine, we can replace the derived pushfor- 
wards by global cohomology in Notation 15.11 Then we get the following 
diagram. 

h°(x, r& B ® psr B ) H\X, f*£? B <8) 3r x/B ) 



H 2 (X, STxib ® STxib) 

We are going to use Dolbeault cohomology to prove the statement of the 
proposition. Let t be the element of H°(X, /*«%) corresponding to t E ST B . 
Then there is an element a E in the Dolbeault resolution cor- 

responding to t. Let b E g/ ' (£7x) be any lift of a, and c := Bb. By 
abuse of notation we will view c both as an element of £/ 0,1 (3x) and of 
^ 0,1 (3x/b)- Because of the presence of two different wedge products (one 
on antiholomorphic forms, and one one tangent bundles), we will need to 
write c in local coordinates: 

3 

(5.5.1) c := ^Cidzi q E Sx/b 

i=i 

First we compute v[a <E> a). To get ks/(a Cg) a), we have to compute a 
boundary homomorphism of the exact sequence 



~r&B®&X/B 
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So, we lift a <g> a to get a ® 6 and then we apply <9. We obtain the following 
(remember, a is holomorphic, hence 8(a) = 0). 

u(a <8> a) = 8(a <g> b) = a <g> 8(b) = a®cE ^ 0,1 (^x/b ® /*^b) 
That is, 

i>(a £g> a) = /3(ks/(a £g> a)) = /3(c<S> a) 
is obtained by feeding a ® c to the edge morphism of the exact sequence 

^X/B ® ^X/B ® ^X/B f*&B ® ^X/B 

That is, we lift a <g> c to 6 <8> c, and then we apply 8. We obtain the following 
(remember, c is Dolbeault-closed, hence 8(c) = 0). 

u(a ® a) = 5(6 g) c) = 9(6) ®c = c8c6 ^ 0,2 (^y/b ® ^jc/b) 

We conclude our proof by showing that e(-y(c <g> c)) = c <g) c. This part is 
slightly confusing, so we change to the local expression of (15.5.11) . 

e(7(c(g>c)) = g (j (y~]{cj <S> Cj)dZj A dzj)j 

= 7 (X^ Ci A c i) d Zi A c/%j 
= - (cj £§> Cj — Cj g) Cj) A d^j 

= - y~^(cj (g> Cj — Cj (g> Cj)(izj A dzj 

i<3 

+ (cj ® Cj — Cj (g) Cj)dzj A dfj) 
= ^^(cj (8 Cj — Cj (g> Cj)rf2j A dzj 

= Cj Cg) Cjd^j A d^j = c (8) c 

□ 



6. Connection to Torelli problem 

In this section we present the connection between Theorem ll.l7l and the 
Torelli problem. First, we list the required background. Then the proof of 
Theorem 1 1 . 201 will be straight forward. The given overview is deliberately 
short, since the Torelli problem is not the main objective of the paper. See 
for example HVoi02H or HCGGH83H for the details. 

Given a family of projective manifolds g : W — > Z and an integer w, 
the Torelli map is a holomorphic map from Z to some classifying space of 
Hodge structures with weight w, called the period domain. It sends z E Z 
to the point corresponding to the weight w Hodge structure of the w-th 
primitive cohomology of W z . More precisely to give this map one also has 
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to fix a basepoint z G Z, and assign the change of Hodge structures relative 
to that point. With formulae 

z G Z 



H W '°(W Z ,C) 



CH w (W z ,C)o = H w (W zo ,C) 



_H°' w (W z ,C)i 



m(Z,z ) 



where the in lower index denotes the primitive cohomology and the quo- 
tient by 7Ti(Z 3 Zq) means that <\> g in fact assigns an entire ttx(Z, z ) orbit, 
instead of just one point. We claim that Theorem |1.17| has consequences on 
<f)f, where / is the usual / introduced in Notation |1.9[ The key object in this 
connection is infinitesimal variations of Hodge structures ( HCGGH8310 . We 
do not define these here, instead, we just quote one consequence of their 
theory, which we need. It is as follows. 

Proposition 6.1. For any smooth family f : X — >■ B of relative dimension 
n over a smooth variety, the tangent map of the period map 0/ of weight n 
can be identified with 

n 

T4> f : ST B ^($Xom{J^- l+l ' i -\j^- i ' i ), 



where M'q 1,1 is the (n — i, i) primitive Hodge bundle. Let 0^ be <fif com- 
posed with the i-th projection. Then there is a commutative diagram 
(6.1.1) 




where the homomorphism on the right is the dual of the natural product 
map S 2 (f*(ux/B)) /*(w^ B ), and the long arrow takes a point b G B to 
4>f(b) o • • • o (j)\(b) (which is a symmetric homomorphism by being obtained 
from a VHS). 



Proof. Diagram HCGGH831 2.a.l5] gives us the statement for B = Spec C. 
Since by HHar77[ Theorem 12.8 and Corollary 12.9] there is base change 
for R l f* generically on B, (16.1.11) commutes generically on B. However, 
since homomorphisms of vector bundles are determined uniquely on dense 
Zariski open sets, (16.1.11 ) commutes. □ 



The next corollary is the immediate consequence of ( 16.1.11) . 
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Corollary 6.2. For any smooth family f : X — >■ B of relative dimension n 
over a variety, if >5 2 (/*(wx/_b)) _ > zs g^nerically surjective and 

the iterated Kodaira-Spencer map iksj is injective, then the tangent map 
T(pf is injective. 

Proof of Theorem \1.20\ Immediately follows form Corollary 16 .21 and Theo- 
rem [OTJ □ 

Remark 6.3. The condition S 2 (H°(X b , u Xb )) -> H°(X b , wjg) being sur- 
jective at b, holds for example if cox b is very ample. In the situation of 
Notation 11.91 for n = 2, this happens for example if (X^ is a canon- 
ical curve and ((f 2 )*ux/Xi)(—'2P)\x b is an ample vector bundle for any 
P E X b . Since it is not in the main focus of the article we omit the proof 
of this very ampleness statement. However, it suggests that the surjectivity 
of S 2 (H°(X b ,u} Xb )) -> H°(X bl u x 2 ) is the generic behavor. It seems that 
it should hold when X b is a canonical curve and the Albanese variation of 
X b -> (Xi) h is big. Notice also, that S 2 (H°(X b , u x „)) ->> H°(X b ,uf b ) is 
surjective, if ux b is semi-ample, and the image of the map it determines is 
normal. 
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